In this paper, we classify the centroaffine surfaces with parallel cubic Simon form and the centroaffine minimal surfaces with complete positive definite flat metric.
Introduction.
Let x : M → R 3 be a nondegenerate centroaffine surface. Then x induces a centroaffinely invariant metric g and a so-called induced connection ∇. The difference of the Levi-Civita connection ∇ of g and the induced connection ∇ is a (1,2)-tensor C on M with the property that its associated cubic form C, defined by ( 
1.1) C(u, v, w) = g(C(u, v), w)), u, v, w ∈ T M,
is totally symmetric. The so-called Tchebychev form is defined by (1.2) T = 1 2 trace g ( C).
Using C and T one can define a traceless symmetric cubic form C by
where u, v, w ∈ T M. This cubic form C was introduced and studied by U. Simon (cf. [15] and [16] ) in relative geometry; it extends the Pick form and, in particular, plays an important role in centroaffine geometry. In fact, C is an analogue of the cubic form in equiaffine geometry: it is totally symmetric and satisfies an apolarity condition. Furthermore, in relative geometry it is independent of the choice of the relative normalizations (cf. [16] ). In the case of the equiaffine normalization C coincides with the cubic form in the equiaffine geometry. For further interesting properties of C we refer to [16] , [10] , [11] , [9] and [6] . We will call C cubic Simon form.
Affine hypersurfaces with parallel cubic Pick forms have been intensively studied by Dillen, Li, Magid, Nomizu, Pinkall, Vrancken, Wang and other authors (cf. [12] , [13] , [1] , [2] , [3] , [17] , [4] , [18] and [8] ). In this paper, we classify all surfaces with parallel cubic Simon form C. We will prove the following theorem in R 3 . 
where α, β and γ are constants.
Let T be the Tchebychev vector field om M defined by the equation
Then a centroaffine surface x : M → R 3 is called centroaffine Tchebychev if
where λ is a function on M; a centroaffine surface x : M → R 3 is called centroaffine minimal if
It is proved by the second author in [19] that x is minimal if and only if x is a critical surface of the volume functional of the centroaffine metric g. For a locally strongly convex surface the centroaffine metric is definite. It is positive (or negative) definite if the position vector x points outward (or inward) (cf. [19] ). For centroaffine minimal surfaces, we will prove: 
where α and β are constants with 2β > 1;
(iii)
where α and β are constants in R with β(α + β) < 0.
Our main tool is a PDE for the square of the norm of C which we recently derived in [6] .
This paper is organized as follows: In section 2, we prove Theorem 1; in section 3, we prove Theorem 2.
Proof of Theorem 1.
Let x be a nondegenerate centroaffine surface with ∇ C = 0. Then by Proposition 4.2.1 of [9] we know that x is a Tchebychev surface. From ∇ C = 0 we get C 2 = constant. By [6] , 5.2.1.1, we have
∇ C = 0 and (2.1) yield κ C 2 = 0. Thus we get either (i) C ≡ 0; or (ii) C ≡ 0 but
If (i) is true, we know that x is an open part of a quadric (cf. [16] , 7.11, pp. 117).
Next we consider case (ii). In this case, the centroaffine metric g has to be indefinite. So we choose local asymptotic coordinates (u, v) of g with
for some local function ω. We define (2.
3)
Then for the basis {E 1 , E 2 }, the local functions g ij := g(E i , E j ) are given by (2.4) g 11 = g 22 = 0, g 12 = g 21 = 1.
Let {θ ij } be the Levi-Civita connection forms of g with respect to {E 1 , E 2 }, then
From (2.4) and (2.5) we get (2.6)θ 12 =θ 21 = 0,
Since trace g C = 0 and C ijk = C l ij g lk are totally symmetric, we have
Since C ≡ 0 and C 2 = 0, we may assume that C 111 = 0 and C 222 = 0. From the fact that ∇ C = 0 we get
We define ψ := e 3ω C 222 , then (2.8) is equivalent to (2.9)
we get from (2.9) that 6ω uv = (log |ψ|) uv = 0, which implies that the Gauss curvature κ = 0. Thus case (ii) reduces to case (iii). For the case (iii), the surface x is flat and Tchebychev. Thus we know by the proof of Theorem 4.2 in [10] that ∇T = 0. By choosing special asymptotic coordinates (u, v) of g we have ω = 0. Then (2.6) implies thatθ ij = 0. From the fact that ∇ C = 0 we get
Moreover, ∇T = 0, thus we obtain that T i = constant. From (1.3) we know that C ijk = constant and therefore x is the so-called canonical surface classified in [8] .
Thus Theorem 1 follows from [8] , Theorem 1.3.
Proof of Theorem 2.
Let x : M → R 3 be a centroaffine surface with positive definte centroaffine metric g. We introduce a local complex coordinate z = u + iv with respect to g. Then
for some local function ω. We define
It follows from [10] that E and U are globally defined centroaffine invariants. Moreover, {g, E, U} form a complete system of centroaffine invariants which determines the surface up to centroaffine transformations in R 3 . The relations between g, E and U are given by (cf. [10] , pp. 82-83)
Furthermore, let {E 1 , E 2 } be theorthonormal basis for g defined by
Now if y : M → R 3 be a centroaffine minimal surface with complete and flat centroaffine metric g y , then we have a universal Riemannian covering π :
on C. We consider the centroaffine surface
It is clear that x is again a centroaffine minimal surface with centroaffine metric g given by (3.9), i.e. ω = 0. Since x is centroaffine minimal, we have trace g ∇T = 0. By (3.8) we get Ez = 0. Thus E : C → C is a holomorphic function. From (3.4) we know that |E| 2 ≥ 1 2
. Thus it follows from Picard theorem (cf. [5] , pp. 213, Theorem 27.13) that E = constant. Therefore, (3.4) and (3.6) imply that U is holomorphic and |U| 2 = |E| 2 − 1 2 = constant. So U must be constant. Since from (2.13) of [10] we know that Hence we get that T i and C ijk are constants. Thus x is canonical in the sence of [8] . By the classification theorem 1.3 of [8] and the positive definiteness of the centroaffine metric g we obtain the surfaces in Theorem 2.
This complete the proof of the theorem 2.
